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Spline-Based Distributed System Identification
with Application to Large Space Antennas
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A parameter and state estimation technique for distributed models is demonstrated through the solution of a
problem generi¢ to large space antenna systeni identification. Assuming the position of the reflective surface of
the maypole (hoop/column) antenna to be approximated by the static two-dimensional, stretched-membrane
partial differential equation with variable-stiffness coefficient functions, a spline-based approximation pro-
cedure is described that estimates the shape and stiffness functions from data set observations. For given stiff-
ness funcions, the Galerkin projection with linear spline-based functions is applied to project the distributed
problem onto a finite- dimensional subspace wherein algebraic equatlons exist for determining a static shape
(state) prediction. The stiffness functions are then parameterized by cubic splines and the parameters estimated
by an output error technique. Numerical results are presented for data descriptive of a 100-m-diameter maypole

antenna.

Introduction
) ROPOSED large space structures have many

characteristics that make them difficult to analyze and.

control.! They are highly flexible—with components
mathematically modeled by partial differential equations or
vary large systems of ordinary differential équations. They
have many resonant frequencies, typically low and closely
spaced. The natural damping may be low and/or improperly
modeled.2 Coupled with stringent operational requirements
of orientation, shape control, and vibration suppression, and
the inability to perform adequate ground testing, these
characteristics present an unconventional identification and
control design problem to the systems theorist.

To date, the most popular control design approach ap-
pears to be the direct application of linear multivariable
methodology to reduced-order lumped models obtained from
finite element software; the goal of this approach is to con-
trol the structure so as to meet the operational requirements
without overly exciting higher-order flexible modes. The ef-
fects of spillover, modeling eiror, and insufficient structural
damping are well known!? and may force the designer into
low-authority control laws.with compromised operational
performance.

An alternative approach is to design the control system us-
ing distributed paramieter techniques. Many methods exist in
distributed parameter control theory that are analogous to
those of multivariable theory.!*® Control laws derived from
the distributed parameter  theory are usually infinite-
dimensional and often require significant simplification in
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order to be realized with current sensor and actuator
technology.

The question of which control approach is best remains
open and is essentially problem dépendent.!® However, when
a distributed formulation is feasible for a given structure, it
appears to have several advantages, particularly from a
system identification viewpoint. A distributed model satisfies
the fundamental need of the control theorist for a design and
evaluation model that can be quickly and easily modified to
carry out parametric studies and perform sensitivity and
robustness analysis.'"'2 Thére are also many open questions
in the understanding and modeling of damping®3 that may
be better treated within a distributed parameter formulation.
Finally, a distributed model appears to have the potential of
facilitating the parameter estimation problem for large-scale
systems, since the quantities to be estimated will usually ap-
pear concisely within the coefficient functions of the partial
differential equations.

Within the collection of techniques available for system
identification in distributed systems (for example, see Ref.
13), spline-based approximation methods appear well suited
for application to large space structures. Banks et al.!*!®
have developed spline-based methods for approximating the
solutions to identification and control problems involving
delay and distributed models that are numerically attractive
and on a sound theoretical basis. These methods have been
tested in a variety of significant applicatioons,?*2! although
in areas not directly related to space. This paper describes
our first attempt at applying these techniques to a class of
problems containing large space structures. The spline-based
methods are employed to produce a parameter and state
estimation algorithim for a distributed model approximating
the maypole (hoop/column) large space antenna reflector
surface, 222

The next section describes the spline-based system iden-
tification approach. The hoop/column antenna is then
described along with the identification problem considered.
Subsequent sections include mathmatical details of the
antenna application and numerical results.
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System Identification Procedure

The first two authors and their colleagues have investigated
“techniques for approximating the solutions to systems iden-
tification and control problems involving partial differential
equation models in one spatial variable. The applicaion herein
requires an extension of the theory and numerical algorithms
to elliptic-distributed systems in several spatial variables. The
approach, when specialized to the identification problem, may
be summarized as follows: 1) select a distributed parameter
formulation containing unknown parameters for a specific ap-
plication; 2) mathematically ‘“project’’ the formulation down
onto a finite-dimensional subspace through some approxima-
- tion procedure such as finite differences, finite elements, etc.:
3). solve the identification problem within the finite-
dimensional subspace obtaining estimates dependent upon the
order of the approximation embodied in the subspace; 4) suc-
cessively increase the order of the approximation and, in each
casé, solve the identification problem so as to construct a se-
quence of parameter and state estimates ordered with increas-
ing refinement of the approximation scheme; and 5) seek a
mathematical theory that provides conditions under which the
approximate solutions approach the distributed solution as the
sunspace dimension increases with a convergent underlying se-
quence of parameter estimates.
In the application to follow; the Galerkin procedure is used
to project a distributed formulation onto a finite-dimensional
state subspace spanned by tensor products of linear spline

functions. The approximate distributed equation solution

(state estimate) obtained within the subspace i§ thus expressi-
ble in tefrms of linear spline - functions. An unknown
distributed-model coefficient function is parameterized in
terms of (fixed-order) cubic splines that convert its determina-
tion into a finite-dimensional parameter estimation problem.
The Galerkin procedure yields equations that define the state
estimate in terms of the unknown cubic spline parameters. In
turn, thesé parameters are chosen so that a least squares
measure of the fit error between the observed and predicted
data is minimized. Finally, an algorithm is constructed to
determine the order of the linear spline approximation above
which little or no further improvement is obtained in the
unknown parameters as one increases the dimension of the
finite-dimensional subspace.

Application to Maypole Antenna

One of the planned activities of the NASA’s Space
Transportation System is the placement in Earth orbit of a
variety of large space antennas. Potential missions will require
antennas and structures in a large range of sizes (0.03-20 km).
Applications include communications (mobile, trunking,
etc.), remote sensing (soil moisture, salinity, etc.), deep space
network (orbital relays), astronomy (x-ray, observatory, op-
tical array, radio telescope, very long baseline interferometry,
etc.), energy, and space platforms. Specific missions have
been pinpointed and future requirements identified for large
space antennas for communications, Earth sensing, and radio
astrohomy:?® Particular emphasis is placed on mesh-
deployable antennas in the 50-120-m-diameter category. One
such antenna is the maypole (hoop/column) antenna shown
for the 100-m point design in Figs. 1 and 2. .

Thie lioop/column antenna consists of a knitted gold-plated
molybdenum wire reflective mesh stretched over a collapsible
hoop that supplies the rigidity necessary to maintain a circular
outer shape. The mesh grid can be varied to meet a given radio
frequency reflectivity requirement. The annular membrane-
like reflector surface surrounds a telescoping mast that pro-
vides anchoring locations for the mesh center section (Fig. 1).
The mast also provides anchoring for the cables that connect
the top end of the mast to the outer hoop and the bottom end
of the mast to 48 equally spaced radial graphite cord truss
systems woven through the mesh surface.?? Tensions on the
upper (quartz) cables and outer lower (graphite epoxy) cables
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are counterbalanced to provide stiffness to the hoop structure.
Through the truss systems, the ininer lower cables produce sur-
face loading to control the shape of four circular reflective
dishes (Fig. 2) on the mesh surface. Flat, conical, parabolic, or
spherical dish surfaces can be produced using this cable
technique. ]

After deployment or after a long period of operation, the
reflector surface may require adjustment. Optical sensors are
located on the upper miast to measure the angles of retroreflec-
tive targets placed on the truss radial cord edges of the antenna
surface. This information can then be processed using a
ground-based computer to determine a data set of values of
mesh surface location at selected target points. If necessary, a
new set of shaping (control) cord tensions can be fed back to
the antenna for adjustment. '

What is desired is an identification procedure that allows
the estimation of the antenna mesh shape at arbitary surface
points and the loading from the data set observations. It can
also be anticipated that environmental stresses and the effect
of aging will alter the mesh material properties. The identifica-
tion procedure must also allow this issue to be addressed.

The mesh cord construction of the reflector surface makes
each gore a discontinuously nonhomogeneous, reinforced .
structure.?? Also, it seems likely that the membrane tension is
anisotropic within each mesh element and that the loading im-
posed by the cord trusses consists of discrete forces. Thus,
derivation of a complete distributed model for the

~
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Fig. 1 Side view of maypole (hoop/column) antenna.
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Fig. 2 Maypole (hoop/column) antenna reflector surface.
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Fig. 3 Graphical representation of &} (1), (=1,...,M—1).
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hoop/column reflector surface is a formidable task (for
preliminary findings, see Ref. 24). The present study uses an
idealized prototype model in which the reflector surface is
treated as an isotropic, smoothly nonhomogeneous membrane
under distributed loading. It is felt that this model permits the
development and evaluation of the identification theory and
algorithms that can later be extended to a more realistic case.

For the prototype model, the antenna is assumed to be fully
deployed and. in static equilibrium. A cylindrical coordinate
system is employed with the z axis along the rmast and positive
direction toward the feed (see Fig. 2). The loading is assumed
to be distributed (although discrete forces are easily handled
by the method presented) and normal to the equilibrium plane
containing the hoop rim. The mesh surface is described by the
static two-dimensional, stretched-membane equation® with
variable stiffness (elastic) coefficients and appropriate bound-

ary conditions for the hoop/column geometry Mathematlcal— .

ly, in polar coordlnates, thls means

1 a
r ar

au] 1 8

a

[rE(r,B)

where u(r,0) is the vertical displacement of the mesh from the
hoop plane, f(r,6) the distributed loading force per unit area,
and E(r,0) >0 the distributed stiffness coefficient of the mesh
surface (force/unit length). Equation (1) is to be solved over
the annular region @ = [¢,R] X [0,27]. Appropriate boundary
conditions are )

u(e,0)=uy, u(R,0)=0, u(r,0)=u(r2n) )
where R is the radius from the mast center to the circular outer
hoop, ¢ the radius from the mast to the beginning of the mesh
surface (see Fig. 2), and u, the coordinate at r = ¢ of the mesh
surface below the outer hoop plane.

It is further assumed that the loadlng along with a data set
of vertical displacements, u,, (r;,0;), at selected points (r,0;),
i=1,..., L, j=1, ..., Ly, on the meash surface is known
leen thls mformauon the considered identification problem
is to estimate . the material properties of the mesh as
represented by E(r,0) and to produce state estimates of the
surface represented by u(r,0) at arbitrary (r,0) points within
Q. '

Finite-Dimensional Approxnmatlons

Prior to applylng the Galerkin procedure? to perform the
finite-dimerisional approximation for the prototype problem,
the boundary conditions [Eq. (2)] are converted to
homogeneous form by introducing the new dependent variable

—R
— )uo )
Equation (1) becomes

L i[rE(r,e) ay]-i —"’-[E( o)——]
-0 or

y(r,0) =u(r,0)—( :

r or r o
1 9 [rE(r,G)uo]
= _ = 4
=f(no)+ r or e—R @
with boundary conditions
y(0)=0, y(R,0)=0, y(r,0)=y(r,27) )

Following the standard formulation® for the weak or varia-
tional form of Eq. (4), the energy function & assoc1ated w1th
Eq. 4) is

2rp R
&(z)= So Se [V2E(r,0) Vz- Vz~f(r,0)z]rdrd8 6)

L X(=1)/M, j=1,.
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where ¥ is the gradient in polar coordmates that, in the form
used here is equ1valent to

( a 1 9 )T a
ar’ r a6, )
The function fis given by

rE(r,G)uo)

- 1 9
Fr0) =/00) +— 5;( o ®

The vertical displacement z(r,8) of the mesh surface from the
hoop equilibrium plane is a function satisfying the boundary
conditions [Egs. (5)] and possessing first derivatives on Q in
the distributional sense. This is denotéd by zeHo per. (Q). The
f1rst varratlon 88 of & about the funtron y(r,8) is given by

27
s =, S LE(1,8) Vy- Vo—F(r.0)v] rdrdd

2rp R .
- SO S (E(r,0) VY- Vo~ LF(r,0)v+E(r,0) k- Vv] }rdrdd

)]
where
. Uy
k
R—e¢
k= = (10)
0 0

and v is an arbitrary function in Z= HO per Q).

Given a finite-dimensional subspace Z of Z, the Galerkin
procedure defines the approx1mat10n ¥ as the solutlon in Z of

2r pR . _
So S [E(r,0) VY-V i]rdrdd

27 : )
=So SR[f(r,-a)mE(r,e)k*-vo]rdrdo an

for all veZ.

For computational eff1c1ency, the basis functions used for
the represéntations of j 1n Eq. (11) are taken as tensor prod-
ucts of linear ‘‘hat” or ‘‘roof”’ functions.26:?7 Thus, 7 and y
arein the space spanned by v¥N, where

vﬁ}f”N(r,0)=a:”f(r)Bf’(9), (i=1..M=1; j=1,..N) (12)

where o and BY have the form: on the interval [e,A]

(subdivided - by defmmg partition -points ¥ =¢+ (R—¢)
.» M+1), oM is the ith lmear spline-basis
element, i=1, 2, ..., M-1, shown in Fig. 3. Subdividing
[0 27] into 1ntervals of uniform length 27/N defines 6}" for
=1,..., N—1 and BY(8); see Figs. 4 and 5, respec_tlvely
For y (r,ﬁ) within the subspace spanned by vV

s

YMN(r,0) = E E oM (rywhNBN (6) (13)

i=1 j=1

Note that the coordinate w¥¥ is just the value of y* (r,6) at

R
r=e+i}[—e) (i=1,2,....M—1) 14
0=j2x/N (=1,2,...,N) (15)

Replacing y(r,0) in Eq. (11) by yM'N(r,O) from Eq. (13) and
success1vely setting v (r,6) = v N(r,6) fori=1, ..., M—1and

=1,...,Nleadstoa hlgh-order linear sparse- matnx algebraic
equatlon for the wiN coordinates.?®



MAY-JUNE 1986

Sparse matrix methods are avoided in solving the wiV
equation by imposing a separability condition,

E(r.0) =E, (r)E, (0) (16)

Such an assumption as Eq. (16) facilitates the explanation of
this method. Indeed, in the general case, one might wish to
employ bivariate splines (or other appropriate multivariable
approximation families) for the parameter approximation.

It is shown in Ref. 28 that Eq. (16) reduces the calculation
of w¥N to the solution of the matrix equation

BV MN AN 4 DM M GN a7)
with
WMN = (whN) (18)
= ([T mosy sy oLy (19)
= ("m0 [—aMm] | Carin]ar)  eo
(Sl [Erole) o
([ M"""fM"’ a) @)
and

E~MN=<S Sf(re)a (r)BY (6)rdrd

2r pR N d )
+ So Se E(r,0)kBY (8) [Waf“(r)]rdrdO) (23)

where in Egs. (18-23), AN and CV are NXN, B and D™ are
(M- (M~1), and W"N and EMY are (M—1) xN. The
matrices of Eqgs. (19-23) are symmetric with Egs. (19) and (22)
positive definite and Eqgs. (20-22) tridiagonal.

For computational purposes, Eq. (17) is rewritten in the
equivalent Sylvester equation form

[(DM)“IBM] WMN WMN[cN(AN)—I] — (DM)—IE"'MN(A?N)
(24)

and solved by the Bartels-Stewart algorithm.?®

- In order to estimate, via a numerical scheme, the functional

coefficients E, (r) and E,(6), these functions are parame-

terized so that the identification is performed over a finite-
dimensional parameter set. To this end, let

EMi(r)= E yI N (1) @5)
M
EYL(0)= ) 8N M1 (0) 26)

Jj=1

where »}1 and 61 are scalar parameters and A}t and pt are
cubic B-spline functlons27 whose orders are 1ndepenent of M
and N defined over [¢,R] and [0,2#], respectively. The basic
spline functions are modified so that u; satisfies the periodic
boundary conditions. Note that this second level of approx-
imation, introduced through parameterization of E, and E,,
must be included in any theoretical convergence study (see
Refs. 19 and 28). In order to simplify the presentation here
(and since M| and N, are usually fixed in practice), simply
write E; =EY1, E;=EY1, v, =v¥1, etc., throughout. Using
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Egs. (25) and (26),

Ny

AV= Y 5,4V @7
k=1
My

BM=Yy BY (28)
k=1
Ny

V=Y, 5.CV 9
k=1 )
M

b= Y, DY (30)

wi (0)BY (8)8Y (o)cw) 31)

A (r) [%af"’(r)] [ia, (r)] ) (32)

5
)
-([Fuo | S0 [gero]e) 6
J

My
DY = ka(r)L’)r"‘Lﬂdr) (34)
Also
27
EMN=<§ Sf(rO)af”(r)BN(B)rdrdO
N N 27
B[ o] w8y @]
k=1
u d
p% [kX; ka )\k(r)rgaf‘l(r)dr]> 35)

The computer implementation of the indentification pro-
cedure is outlined in the next section.

Computational Procedure

Appealing to the ideas found in previous sections, an
algorithm can be constructed for estimating the coefficients v,
(k=1,...,M;) and §,(j=1,...,N;) in the parametric represen-
tations for E(r,0) that provide the ‘‘best fit’’ between the
estimations for state # and the observed data u, obtained
from various sample points on the surface. The data for ¥
may be equivalently considered by making the transformation

—R
Y (rp8;) =t (ri,0,) — <r;_r )uo (36)

fori=1,...,.L,, andj=1, ..., L,.

1
p}“(e) ‘ f i

0 27 . 2n . 2w 2
T U0 55 U+ T

Fig. 4 Graphical representation of ﬂ}v @, G=1,....N—1).

1
By (6) (&

0

zl';.’

IN-1)27  2m
N

Fig. 5 Graphical representaion of B% ®).
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The parameter and state estimation algorithm is organizied
into the following steps:

1) Select an order of approximation for the cubic spline
elements A, (k=1,...,M}) and p; (j=1,...,N;) used to repre-
sent E, and E,. Set n= 1. Note that the selection of M, N, M,,
and N, is highly problem dependent and that this choice is
often guided by experience with model numerical problems.
For an example of such choices, the reader is referred to the
numerical results of the next section.

2) Select M and N, the orders of the linear spline-based
elements used to represent ¥V (and y*V).

3) Assume a nominal set of values »° and §° for

V=(V1,V2,...,VM1) (37)

and
6=(619627-~-36N1) (38)

The 8% and »° values are typically the coefficients in a cubic
spline interpolation for an initial guess of the shape of E; and
EZ-

4) Calculate the coefficient matrices in Eq. (24) and solve
for WMN (1,8). :

5) From Eq. (13), calculate y*~ (r,0;; »,8) and evaluate

Ly Lg

PN (5,8)= Y3 N DN (7,0;30,8) =¥, (r1n0;) 12 39)

i=1 j=1

6) Proceed to step 8 if JMN (»,6) is sufficently small. Other-
wise, through an optimization procedure (e.g., modified
Newton algorithm, gradient method, etc.), determine a new
(»,6) pair that decreases the value of JV, If no such pair can
be found, go to step 8.

7) Set (»,8) = ($,6) and return to step 4.

8) Preserve the current values of J¥N and the correspon-
ding (»,8) pair as the nth entry in a sequence ordered with in-
creasing M and N.

9) Proceed to step 10 if sufficient data have been obtained
to analyze the sequences. Otherwise, replace n with n+1 and
return to step 2 with increased M and N using the current
values of (»,6) as nominal values for the next optimization
process.

10) From analysis of the numerical sequences, select the
M, N entry that indicates the best numerical results. The cor-
responding (»,8) pair yields E(r,6), determining the material
properties of the antenna mesh. The matrix W™V (»,8), when
used in conjunction with Eq. (13), determines a state approx-
imation y"¥ of the shape of the antenna surface.

A convergence theory for the identification algorithm may
be found in Ref. 28. Numerical results are described in the
next section.

Numerical Results

Experimental data for the hoop/column antenna are not
available at this time. Therefore, synthetic data were con-
structed to demonstrate the efficacy of the preceding
algorithm. These data were constructed as follows.

As shown in Fig. 2, the parent reflector has four separate
areas of illumination on its surface. Each area is assumed to
have the same parabolic shape. For 0<f<x/2 and e<r<R,

~ _ -
uy(R—r) (r—-e) T
k NH+1|, O==—
R_e | R q,(0) + |

Rn T /e ]
w0 (r,0) = ”";_Er) k(rRe)q1(0)+1 , — <=

Uy (R—r) 'k<r—e

0)+1|, g
CR—¢ R )q3( )+

1 36 2
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h
where g, (8) =sind + cosd @1)

The functions g, (8) and g, (#) are cubic polynomial fits used
to ensure smoothness in regions of 6 near 0 ==/2, w, 37/2,
and 27. Formulas for g, (#) and g, () may be found in Ref.
28. The parameter k>0, a stretch factor used to perturb the
surface below the conic (k=0) shape, is taken as 0.25.

For the complete surface, define, for e<r<R,

@ (r,0), O<f=<m/2

u°(r,0——;r—),1r/25051r

___<
u(r9)= u(r,6—7), w=<0<37w/2
0 3
w r,0———2—— ,3n/2=<0<27 42)

It is expected that the mesh will be stiffest near the outer
hoop (r=R) and around the inner radius (r=e¢). For this
reason, a known value of E, (r) is chosen

_ . (r—e)

El (r)=27’—TSln[7r—(F_T) s es<r=<R (43)
where 7 is a constant dependent on the mesh material. The
stiffniess in the angular direction is taken to be uniform with

Ey(#) =% “49

From data provided in Ref. 22 for the 100-m point design, a
value for 7 (given in units V/N/m) is taken as

#=3.391 (45)

Similarly, other parameters are calculated to be #,= —7.5 m,
¢=8.235 m, and R=50 m.

A 10x24 grid of data points u,,(r;,0;) is calculated by
evaluating #(r,6) at points (r;,6;) with .

i=1,2,..,L,=10 (46)

T

= .o P lo )
6= 175"+ (= D15* ]

Jj=12,..,Ly=24 (47)

Values of 6, correspond to data taken along every other radial
cord truss system with reflectors located on the gore edges.
Distributed loads are obtained by substituting Eqgs. (42-44)
into Eq. (1) and evaluating f(r,0).

In the examples of the identification process to be
presented, an equal number of linear spline-based functions
are used in both r and ¢ directions. That is, M=N+1 for an
increasing sequence of N values. The cubic spline approxima-
tions [Eqgs. (25) and (26)] are used with fixed M, =N, =4 to
represent E;(r) and E,(#). The International Mathematical
and Statistical Library (IMSL) version (ZXSSQ) of the
Levenberg-Marquardt algorithm3 with numerical gradients is
employed to minimize JMN given by Eq. (39). For the first
choice of N, nominal (»,6) parameter values used to initialize
the Levenberg-Marquardt algorithm are obtained by finding
those (»,8) coordinates that cause Egs. (25) and (26) to best
approximate the assumed functions £ (r) and E3(6) chosen
as guessed froms of E (r) and E, (8), respectively. For larger
N, the latest previously obtained set of converged coordinates
is used as the nominal parameters. Numerical calculations
were performed on a CDC Cyber 170 series digital computer
using default values of the IMSL convergence parameters.
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Two measures of identification scheme performance are
employed. The quantity

(o)’

48
LI, 48)

is used as a-measure of state estimation accuracy. Additionally

IEMN — E|

RMN - -
IE|

X 100% 49)

measures the reiative error between the true
E(r,6)=E|(r)E, (0) (509
and the estimated E(r,8) denoted by
EMN(r,0) = EYN (r)EY™ (9) (51

which is calculated from Eqgs. (25) and (26) using (with

M, =N, =4 fixed) the (M,N)th level of state approximation

obtained at step 8 of the computational procedure. In Eq.

(49), -1 denotes the L, norm on [e,R] X [0,27]. RMN pro-

vides a measure of parameter estimation accuracy.
Convergence in the sense that

RMN_.0 and JMN—0 as (M,N)— (52)

depends on the ability of the cubic spline approximates E, (r)
and E, () in Eqs. (25) and (26) to accurately represent E (r)
and E,(8). In this case, E,(8) can be represented by the &
coefficients: §;=0.5652, (i=1,...,4). However, the best ap-
proximation E, (r) for E,(r) using Eq. (25) and M, =4 uses
the » coefficients #=(5.026, 0.3833, 0.3833, 5.026) and leads
to

E, (r)—E, (r)]
TG 1.23% (53)
relative error. Consequently, entries in the (RMVN,JMN) se-
quence can be expected to cease decreasing past some (M,N)
value. Other examples in which Eqs. (25) and (26) exactly fit
simpler E,(r) and E,(#) functions and JMN and RMN
monotonically decrease with increasing (M,N) can be found
in Ref. 28. Also, using the best cubic spline fits to E, (r) and
E, () to define E(r,0), along with the exact f(r,0) data, it is
observed that

JMN =0.087 (54)
uniformly in (M,N). The following numerical results show
that the parameter estimates from the identification procedure

tend to improve (reduce) this JM value at the expense of RMN,

Example 1

Estimate E, (6) holding E, (r) fixed, i.e., determine é while
holding v=7 fixed at

»=(5.026, 0.3833, 0.3833, 5.026) (55)

Nominal parameters for the N=4 starting value are obtained
by fitting Eq. (26) to

E3(0) =1+ Yacosd (56)
yielding
8%=(0.1667, 0.2933, 0.1667, 0.0398) 67

Four § parameters are estimated with results summarized
below in Table 1.
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Table 1 Results from estimating E,(0) with E,(r) fixed
N JMN m RMN o,
4 0.0390 5.13
6 0.0384 5.57
8 0.0322 5.69
10 0.0347 6.01
12 0.0330 5.83
Table 2 Results from estimating E,(r) with E,(0) fixed
N .iMN, m RMN
4 -0.0355 32.25
6 0.0343 24.5
8 0.0270 4.39
10 0.0293 13.17
12 0.0275 8.08
14 0.0273 7.44
16 0.0271 7.59
18 0.0267 7.68
20 0.0264 8.03
22 0.0260 7.91
24 0.0267 8.11
26 0.0250 7.49
28 0.0203 7.58
30 0.0259 7.71

Essentially no improvement in state estimate was obtained
past N=8 with

8;=0.5969, i=1,...,4 (58)

The estimated EMN(9) tended to 3.591 instead of the true
value E, (6) X =3.391. The =0.20 bias is attributed to the in-
ability of Eq. (25) to exactly fit £, (r).

The divergence observed when moving from N=8to N=10
is probably due to the fact that at N=M—1=10, the nodal
points [Eq. (14)] coincide with the data set [Eq. (46)].
Because of the ‘‘quadrant symmetry’’ of u(r,0), the 8x8
coordinate matrix WMN for N=8 to be used to construct the
approximate state estimator via Eq. (13) is given by four equal
8 X 2 column blocks given by

-0.2309 —0.2242 T
—0.3844  —0.3687
—0.4755 -0.4504
—0.5189 —0.4840
~0.5176  —0.4726 9
—0.4632 -—-0.4112
-0.3505 -0.3004
| —0.1887 —0.1546 |

Example 2
Estimate E, (r) holding E, (8) fixed at E, (9) with 6=§ and

5;=0.5652, i=1,..4 (60)

Nominal parameters »° for the N=4 starting value are ob-
tained by fitting Eq. (25) to

EN(r) =1 (61)
yielding

19=0.1667, i=1,..,4 62)
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Fig. 6 Estimate E;(r) with E,(0) fixed.

Four » parameters are estimated with results summarized
below in Table 2. Figure 6 shows the character of E¥N(r) for
selected values of N. From a state estimation viewpoint,
N =28 provides the best accuracy. Overall, considering state,
parameter, and ease of comptuation, N=8 is judged best with

v=(4.771, 0.4282, 0.4269, 4.992) (63)

Even though Eq. (63) differs from Eq. (55) [in order to reduce
J below the value given in Eq. (54)], Fig. 6 shows that EMN (r)
accurately describes E, (r). For N=8, WM has the same con-
struction as in example 1 with the first two columns given by

-0.2178  —0.2107
—0.3623 —0.3462
—0.4538  —0.4284
—0.5080 —0.4728 (64)
-0.5223 —0.4781
~0.4840 —0.4317
—-0.3775  —0.3268
| —0.2088 —0.1742 |

Example 3

Estimate both E, (r) and F,(6). Nominal parameters are
obtained as before with N=4 from

E(r)=5 (65)
yielding
»? =0.8333, i=1,....4 (66)
and |
ES(0)=1-Yasing 67)
yielding :
89 =(0.2300, 0.1667, 0.1033, 0.1667) (68)

J. GUIDANCE

For each N, the first element of Eq. (38), 6, is held fixed at its
initial value 8. Seven parameters are estimated again produc-
ing N=8 as best value, resulting in

v=(11.74, 1.050, 1.051, 12.26) (69)
6;=0.2300, i=1,..4 (70)

Convergence properties are similar to those of example 2, but
with longer execution times due to the increased number of
parameters involved. The §;(i=1,...,4) converged quickly to
Eq. (70) and therefore remained fixed while the algorithm con-
centrated on obtaining Eq. (69). After a few initial iterations,
example 3 thus becomes a version of example 2 and, as should
be expected from the seperable form of Eq. (16), the con-
verged parameters of Eqgs. (69) and (70) produce the same
values of EMN (r,0) as was found in example 2.

In each example, we were able to successfully estimate the
surface shape of the model antenna. Similar results have been
obtained where random noise (approximately 5% noise level)
has been added to the data. These and other findings may be
found in Sec. VI of Ref. 28.

Conclusions

A general framework for system identification in
distributed parameter systems has been presented. Approx-
imations based on families of spline functions have been used
to illustrate application of the ideas for a prototype large space .
antenna problem. The method successfully estimated the
idealized antenna reflector surface shape and stiffness proper-
ties within the limits allowed by the spline basis functions.
While the spline approximations perform well for the simple
examples considered, continuing investigations within this
framework using other approximation ideas (multigrid, spec-
tral families) suggest that for more complicated, spatially
distributed structures, generalizations of the overall approach
will be more fruitful. Also currently under investigation is the
use of algorithms for vector and parallel computers to meet
the increased computational burdens that will be present in
more complex structures.
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